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FOREWORD

The extended Capability Magnus Rotor and Ballistic Body 6-DOF Trajec-
tory Program has been prepared under Contract No. F08635-70-C-0012 with the
Air Force Armament Laboratory, Eglin Air Force Base, Florida, by Alpha
Research, Inc., Santa Barbara, California. The programmer at Alpha
Research, Inc. was Mr. William Davidson. The program monitor for the
Armament Laboratory was Mr. Edward S. Sears (ATRA). This effort was con-
ducted during the period 6 October l969 to 6 April 1970.

This program is a modification of several earlier computer programs
prepared for magnus-rotor flight dynamics investigations. The original
program was prepared for the U. S. Army Edgewood Arsenal under Contract No.
DA-18-108-AMC-236(A). The original program was later adapted to the Air
Force Armament Laboratory computer facilities by Air Force personnel, and
was used by Alpha Research, Inc. in conjunction with Air Force Contracts
Nos. F08635-67-C-0135 and F08635-69-C-0106.

The present modified program is written in General Fortran IV language
compatible with third generation computers such as the GE 635, IBM 360,
and CDC 6400.

Information in this report is embargoed under the Department of State
International Traffic In Arms Regulations. This report may be released to
forein governments by departments or agencies of the U. S. Government
subjecb to approval of the Air Force Armament Laboratory (ATRA), Eglin AFB,
Florida 32542, or higher authority within the Department of the Air Force.
Private individuals or firms require a Department of State export license.

This techni-al report has been reviewed and is approved.

CHARLES K. ARPKE, Lt Colonel, USAF

Chief, Technology Division
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ABSTRACT

A six-degrees-of-freedom trajectory program for quasi- symmetric
rigid bodies is described. The equations of motion are developed such that
either a body-fixed or fixed-plane moving coordinate system can be utilized.
Provision is made for large angle and angular rate motions, such as are
experienced by magnus rotor munitions.

The aerodynamic system permits the usual aeroballistic coefficients
to be expressed as tabular functions of angle of attack and Mach number;
in addition. the magnus force, magnus moment, and rolling moment coeffi-
cients can be tabular functions of the nondimensional spin parameter, pd/ZV.
Additional aerodynamic terms are provided to account for body-fixed aero-
dynamic asymmetries and/or control inputs, aerodynamic roll angle effects,
flow asymmetry with respect to the angle of attack plane at zero spin, and
lateral c. g. offset.

The computer program is written in General Fortran IV language
compatible with CDC 6400, IBM 360, and GE 635 data processing machines.
Included in the report are the program input and output formats, flow charts
of the main program subroutines, and a complete program listing.

I "i I transmittal to foreign governments or foreign nationals may

[be made only with prior approval of the Air Force Armament I

SLaboratory (ATRA), Eglin Air Force Base, Florida 32542.
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: Fortran
Symbol Definition Fortran

Cx  Axial force coefficient CX

CN  Normal force coefficient CN

CM Overturning moment coefficient CM

Cmq Damping derivative (c. plane) CMQ

Cnr Damping derivative (Magnus plane) CNR

Cmpr  Angular velocity coupling derivative CMPR

Cfnpq Angular velocity coupling derivative CNPQ

CNp Magnus force coefficient CNPA

C1 Spin torque coefficient CL

Cjp Spin damping coefficient CLP

pCMp Magnus moment coefficient MPA

Cyo Trim force coefficient along y body-fixed axis CYO
i Co Trim force coefficient along z body-fixed axis CZO

Cm Trim moment coefficient about y body-fixed axis CMO

Cno Trim moment coefficient about z body-fixed axis CNO
-. Sideforce coefficient due to aerodynamic roll angle CSFl

CNI Normal force coefficient due to aerodynamic roll angle CNI

CSF 3  Side force coefficient due to asymmetric vortices CSF3

CSM 1  Side moment coefficient due to aerodynamic roll CSM 1
-angle,

CM Pitching moment coefficient due to aerodynamic roll CMi

angle,

CSM 3  Side moment coefficient due to asymmetric vortices CSM3

C1  Roll moment coefficient due to aerodynamic roll CLPM1
- - C 1 angle,

Roll moment coefficient due to aerodynamic roll CLPMZ
angle,
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LIST OF ABBREVIATIONS AND SYMBOLS (CONTINUED)

Fortran
Symbol Definition Units Equivalent

a Velocity of sound ft/sec VOS

d Aerodynamic reference length ft DEE
(body diameter)

g Acceleration due to gravity ft/sec2  G

Ix  Axial moment of inertia slug-ft z  DIX

Iy Transverse moment of inertia slug-ft2  DI
about y axis

I= I Transverse moment of inertia slug-ft2  DI
'fixed-plane axes)

Iz  Transverse moment of inertia slug-ft2  DIZ
about z axis

Lxy Product of inertia slug-ft2  DIXY

m Mass slugs DMM

M Mach number EM

p Spin rate, angular velocity rad/sec P, Y(4)
about x axis

pd/ZV Non-di-mensional spin parameter PDV

q Angular velocity about y axis rad/sec Q, Y(5)

r Angular velocity about z axis rad/sec RY(6)

S Aerodynamic reference area ftz  S

t Time sec TIME

At Time increment used for integration sec TSTEP,
sec TNEW

u Axial velocity in direction of x axis ft/sec U, Y(l)

uA  Aerodynamic velocity in direction ft/sec VA 1
of x axis

v Velocity in direction of y axis ft/sec V, Y(Z)

vA Aerodynamic velocity in direction ft/sec VA Z
of y axis

V Total i elocity ft/sec CAPV

VA Total aerodynamic velocity ft/sec CAPVA
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LIST OF ABBREVIATIONS AND SYMBOLS (CONTINUED)

FortranSymbol Definition Units Equivalent

w Velocity in direction of z axis ft/sec W, Y(3)

wA Aerodynamic velocity in direction ft/sec VA 3
of z axis

X Horizontal coordinate ft X, Y(7)

X Velocity in direction of X coordinate ft/sec XDOT

X w  Wind velocity in direction of X ft/sec WDX
coordinate

A y c. g. lateral offset from axis ft DY
of symmetry

Y Horizontal coordinate ft Y, Y(8)

Y Velocity in direction of Y coordinate ft YDOT

Yw Wind velocity in direction of Y ft WDY
coordinate

Z Vertical coordinate ft Z, Y(9)

Z Velocity in direction of Z coordinate ft ZDOT

oe- Total angle of attack radians ALPHA
degrees ALD

1,2 Orientation of fins and wings, degrees ZETD 1, 2
respectively radians ZET 1,2

'1, 2 Number of fins and wings, respectively ETA 1,2

B Euler angle degrees THETA

Euler angle rate rad/sec THD

Xo Quaternion Y(10)

Quaterniop Y(1l)

Xa Quaternion Y(12)

Quaternion Y(13)

Orientation of cross velocity radians ZETA

a Air density slug/ft 3  RHO

Euler angle degrees PHI
Euler angle rate rad/sec PHD
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SECTION I

PROGRAM DESCRIPTION

A. INTRODUCTION

The present computer program has resulted from the need

for more exact simulation of the motion of dispenser munitions. Particular
attention has been given the simulation of the flight of magnus rotor bomb-
lets. The program can also provide trajectory and motion simulation for
most unpowered projectiles, missiles, and rockets.

The most significant features of the extended capability
trajectory program are:

1. Choice of fixed-plane or body-fixed axes.

2. All-attitude motion prediction.

3. Adaptability to very large spin rates.

4. All basic aeroballistic coefficients are tabular
functions of a and M. In addition, spin and magnus

coefficients are tabular functions of pd/ZV.

5. Inclusion of high order nonlinear damping terms.

6. Aerodynamic dependence upon roll angle is included.

7. Provision for aerodynamic and configurational
asymmetries, including c. g. lateral offset.

8. Provision for wind.

9. Provision for elimination of high frequency
(nutational) motion.

B. COORDINATE SYSTEMS

Either of two moving axes systems can be selected, a body-

fixed coordinate system or a fixed-plane coordinate system. Both sets of
moving coordinates have as their origin the center of mass of the body.
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I
The inertial reference system is a set of XYZ non-rotating

earth-fixed coordinates, with the origin at sea level. The orientation of
the moving a-es with respect to the inertial axes is given by three Euler
angles: L , , and 40 , as depicted in Figure 1.

Body-Fixed Coordinates The body-fixed coordinates are
comprised of the right-handed orthogonal set of axes, x , y , and z.

Fixed-Plane Coordinates The fixed-plane coordinates are
comprised of the right-handed orthogonal set of axes x , y' , and z' . In the
fixed-plane system, the y' axis is initially in the XY plane and is so re-
strained as to stay in that plane. Consequently, 0 0 for the fixed-
plane coordinate system.

Since the body can rotate with respect to the x y' z' axes,
this axes system is restricted to bodies with rotational symmetry.

C. ATTITUDE REPRESENTATION

The orientation of the moving coordinates, for input and
output purposes, is described by the Euler angles. For computational pur-
poses, however, an angular orientation scheme based on quateinions is
used. The quaternion system avoids the discontinuities which occur in the
trigonometric functions and angular rates when the motion passes from
quadrant to quadrant.

The scalar relations between the four parameter quaternion
system and the three Euler angles are defined for the body-fixed and fixed-
plane system as follows:( 1 )

Body-fixed axes:

, 4K. (%R) 2; (1/2 to-,. ( _) + &iq,4 (12).O (,) ,,.

3  C , (2) (lA ) A_,,.,*/2) _ N12)
2#



L_

Note: x is body longitudinal axis
or axis of rotational

R symmetryU x

! a vertical :

Orientation of Moving Axes
SY x with Respect to Inertial Axes

Inertial Axes

Figure 1. Coordinate Systems
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Fixed-plane axes:

X0, = -&i0(/2)a(V/2)j

,, -- . (/2) c043/)

Euler angles:

-2( A 2 -Aze),,,l (2,3 +),)J2 '+[ x-.,a +) ,

d,,1.Lv- ~( ,a +k 3A) . -

Rotation Matrices In the equations of motion, transforma-
tions from the moving axes to the fixed inertial axes are required. These
can be expressed (for either axis system) by the general quaternion rotation
matrix given below, where the subscripts F and M refer to the fixed
inertial axes and the moving axis, respectively.

0 / 0 0 0 0

0 2(X, ,- . ,) + ,3),+ MI ,

2 03 + )
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D. BASIC EQUATIONS OF MOTION

The equations of motion consist of 13 differential equations
for the variables

U

V

w

r
- Equations of Motion

4Iz
X~3

which must be integrated to obtain the desired motion solution and trajectory.

The variables u, v, and w are the linear velocity components in the direc-

tion of the moving axes, and p , q , and r are the angular velocity com-

ponent'i corresponding to the moving axes. Following standard notation,

these components will be with respect to the x , y , z or x , y' , z ' , depend-

ing upon whether the moving axes are body-fixed or fixed-plane, respectively.

It follows that p and u are identical in the two coordinate systems, but
v, w, q, and r are not.

The derivation of the fixed-plane equations of motion must,

of necessity, consider the simplified inertial tensor

SI ;IF oP.

001
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The body-fixed equations of motion are more general.
Provision is made for bodies with an inertia tensor

Ix Ixy 0

I y 0 I B F

0 0 Iz]

corresponding to the xy plane as a plane of mirror symmetry. This is
sufficient for most simulation work.

From basic mechanics, we let 0 reprtsent the angular

velocity vector of the coordinate system with respect to the inertial system

and W represent the angular velocity of the body with respect to the moving
coordinates, and the fundamental equations of motion become (for constant

mass and inertia)

F = -mg + mV + f ) mV

M I 1 + f ([ 1]W

where F = F 1  = Fy = aerodynamic force

Fz B.F. F.P.

M M F = aerodynamic morent

N jB. F. F. P.

g gy = gy = gravitational acceleration

J B.F. [z'J F.P.

V = = velocity

E B.F. [ F.P.

* All products of inertia are positive quantities, IXy = Iyx

~6



p ir tan
= q q angular velocity of

coordinatesr B. F. r F. P.

0q =q angular velocity of body

r B. F. r F. P.

and tan 9 = X)

Substitution of the appropriate quantities into the fundamental equations of
motion results in the scalar equations for i, : ', f, 4, and . The
differential equations for X , 4 , Z are obtained by transformation of the
components u , v, w. Finally, the derivatives of the quaternions are
obtained from (1)

where * denotes a non-commutative quaternion product,

a*b = (a 0 +a l i+azj + a 3 k) (b 0 + b i + b~j + bk)

which can be expressed in matrix form as

(aO) (-a,) (-aZ) (-a3) b

(a 1 (a 0 ) (-a 3  (a? )  b I

a*b 
=

(aZ) (a3) (a 0 ) (-a 1)  b2

(a3) (-as) (al) (a) b

The resulting equations of motion are summarized in Tables
I and II for the body-fixed and fixed-plane axes, respectively.

Note that a singularity exists in the fixed-plane equations of
motion for 9 = + /2, which precludes the use of these equations of
motion when 0 may approach Ir /2.

7



TABLE I. BODY-FIXED EQUATIONS OF MOTION

6L r- + Fn

-ru ±2() F 4I1I~/O

•+ (s" - 'L

iv

3i, r 13,y

. ry-iy

Ii

- [,4- t, (+ (A, 3 +i
4i' - 10)i It +4 + 2

As A(3t1 ~A 5 L U F 3,X ,) A I 4Lt

+ 4-



TABLE II. FIXED-PLANE EQUATIONS OF MOTION

~~)3 LAI Fry -

4M4

2 Y(2r Fs'X

Y, 2'4 Al 1x

,~~~~ 2 ~)

v- 2Z
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E. BASIC AERODYNAMIC SYSTEM

Basic Aerob&Ilistic Coefficients The aerodynanic forces
and moments are expressed in coefficient form, using an aeroballistic sysA,:
ten consistent with that which is used for F ymmetric missiles. (2) The
basic aeroballistic coefficients are valid for either the body-fixed or fixed-
plane coordinate systems, and only require that the configuration have
trigonal or greater rotational symmetry. These basic aeroballistic coeffi-
cients are given below:

Cx  ( , M) = axial force coefficient

CN (g , M) = normal force coefficient

CM ( , M) = overturning moment coefficient

CM (O , M) pitch damping coefficient based on
q 2

CNp ( ,1M, -CL (2V, M, = magnus force coefficient

for body-fixed and fixed-plane axes, respectively.

CMp( , IA V = magnus moment coefficient
p z

C1  (CJ , M, ) spin torque coefficient due to canted fins or vanes

C2 p M, =CW spin damping coefficient

The above coefficients depend only upon the total angle of
attack, OL , and are independent of the components of the angle of attack. *
These coefficients are also functions of Mach number, and in addition, CN,'
CMp, C1, and C p are permitted to be functions of the nondimensional

spin parameter, . pd/ZV.

The sense of the basic aeroballistic forces and moments is
indicated in Figure Z. The aeroballistic forces and moments are trans-
formed to the forces and moments corresponding to the moving coordinates

* The total angle of attack is the angle between x axis and the aerodynamic

velocity vector.

10
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Figure 2. Aeroballistic Force and Moment Definitions



by the matrices
= F I "Fx  1 0 0 Cx 1 V

F1 [ 0 -cos ( siin £C " 2ILS

F F Z  0 (-sin )(-cos N

L 1 0 0 cX

M = 0 (sin (cos C • Sd

N d -cos Damsin Pn r CMc

i whe re

! ~~~Cos =4r+r

sin ( =

Additional Damping Parameters In general, the cross-

angular velocity does not coincide with the plane of the total angle of attack.
For these nonplanar motions, it is now generally accepted that the aero-

dynamic damping can differ from that for a planar motion. (3) The present
trajectory program accounts for the nonplanar motion damping by dividing
the cross-angular velocity into components q' and r', which are coincident

with, and normal tq,,the angle of attack plane, respectively. The nonplanar
damping contribution due to r' is incorporated by use of an additional damp-
ing coefficient, Cnr. In a similar manner, the coupling coefficients, Cmr

and Cnpq, are introduced. The sense of these coefficients is depicted in

Figure 3.

The moments corresponding to the moving axes are deter-

mined by the double rotation matrices.

rd

M(sing) (cos I) (sin )(-cos. 2) (-)"c.m

M]= (sin ) (cosj) (sins) (cos 1 (Z')" Cmpr j'1v~

(d 
" 2 VzSd

(-cos S) (sin 1) (-cos I) (sin ) (-) • Cnpq

lzI sn (o sn (o E)C



C1.t Cit

-, cr.Pv.

z R.R

Figure 3. Damping Parameter Definitions
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The damping coefficients, Cnr; Cmr and Cnpq , are

functions of total angle of attack and Mach number, as summarized below:

Cnr ( . , M) = non planar damping coefficient

Cp (/, M) = cross damping moment - angle of attack plane
CPr ('M

Cnpq ( , M) = cross damping moment - magnus plane.

These coefficients, together with the basic aeroballistic
coefficients, comprise the aerodynamic coefficient system for the fixed-
plane-axes system.

F. EXTENDED AER")DYNAMIC SYSTEM

When the body-fixed-axes option is tselected, additional
aerodynamic coefficients are included to account for body-fixed asymme-
tries, windward meridian orientation (aerodynamic roll angle), flow
asymmetry, and laterai displacement of the center of gravity. These
coefficients are depicted schematically in Figure 4.

Body-Fixed Asymmetries Body-fixed aerodynamic forces
and moments due to misalignnent, cant, or asymmetry of body and/or
lifting surfaces are accounted for by tV-e coefficients

cy° (gM)

CYo 04 M)

Cm( ., M)

Cno (, M).

The aerodynamic effects of misalignment, cant, and asymme-
try on the axial force and rolling moment are accounted for by the basic
aeroballistic coefficients C. (-, M) and CAt ( M, M).

Aerodynamic Effects Due to Windward Meridian Orientation.
Bodies with wings and fins are subject to aerodynamic effects related to the
orientation of the aerodynamic surfaces with respect Io the windward merid-
ian of the cross flow. The orientation of the aerodynandc surfaces with
respect to the cross flow is specified by the aerodynamic roll angle § .
This angle is defined as a clockwise rotation of the aerodynamic surfaces
with respect to the cross flow, looking in the direction of the x axis, as
described by the following sketch. The orientation of the symmetry planes

14



Sif

Co C.6,04

LAY1

C, Ck

CCf 0

Figure 4. Additional Aerodynamic Forces and Moments
for the Body-Fixed Axes Option
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of the fins or wings with respect to arbitraxy body axes is given by the phase
angle This phase angle may be necessary if body-fixed asymmetries,
such as lateral c. g. offset, are also present.

horizontal

symmetry
plane y

N" ± to symmetry plane

7 V

The most significant induced aerodynamic effects resulting
from windward meridian are generally the induced rolling imoment, the
induced side force, and the induced side moment. The two moments often
have a profound effect on vehicle stability, and are usually of greatest mag-
nitude for 3 or 4-fin tail assemblies. Likewise, very large induced
aerodynamic effects would be expected from a planz r surface, such as a
wing. In addition, the aerodynamic roll angle will have some effect on the
normal force and pitching moment, which must be considered for complete-
ness.

For a single set of aerodynamic surfaces of uniform size, the
functional dependence of the aerodynamic forces and moments on the aero-
dynamic roll angle is given by the following coefficients and functional
relationships:

16



CSF 1 ( &, M, ) = CSF 1 ( O M) sin (iii, i

CM1 ( & , M, @ ) = CM 1 ( c , M) sin () I ,

C 4 I ( , M, C ) Cj ( , M)sin (VI , )
where i = number of axially symmetric fins (i. e., cruciform fins, k = 4).

Although the dependence of CSF 1 , CN 1 , CSM 1 , CM 1 , and

Cj,, on could be more general, only the first harmonic is used. The

principal reasons for this simplification is the usual lack of more definitive
wind tunnel data (i. e., usual practice is to measure the near maximum
effect of I by testing at = ir ).

Limited provision is made for a second set of aerodynamic
surfaces with a different q . For the second set of aerodynamic surfaces
only the coefficient C 1  is provided.

Experience has shown that, in general, one set of aerodynamic
surfaces will have aerodynamic induced effects which are much larger, and
the complete force and moment coefficients should be used with this set of
aerodynamic surfaces.

Combined Effect of Geometric Asymmetry and Windward
Meridian Orientation The preceding paragraphs describe how provisio-,

has been made for both the body-fixed aerodynamic coefficients Cyo, "zo,

Cm 0 , and Cno and windward meridian orientation. In practice, a single

vehicle modification (or asymmetry) may lead to both effects simAtaneously.
And it is important to recognize, clearly, how the aerodynamic coefficients

should be interpreted.

Consider a body with a portion of the nose sliced off as in
Figure 5, such that the x z plane is a plane of mirror symmetry. Then, in

addition to the body-fixed trim force Czo ( 0 ) and the normal force
CN ( ) it is possible that induced aerodynamic normal and side forces

exist. These are CNI (& , 7 ) and CSF 1 ( O , A ), respectively, and
have the vector orientations indicated by Figure 5. Note further that in
Figure 5, which depicts a case for which 11 = 1, the first harmonic

relationship used for CN, and CSF 1 requires that CN 1 = C. 1 B 0 at

17



total cross force

CH.) \

windward /

Figure 5. Aerodynamic Cross Force Due to Combined Effect of
Geometric Asymmetry and Windward Meridian Orientation
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At this point, it is very important to observe that the effect of
the body-fixed trim force may be incorrectly interpreted as having a
dependence. For example, if the y z axes are fixed and there is a rotation
of the windward meridian, then there ill occur a corresponding angular
rotation between the vectors CN ( t- ) and Czo ( '- ), such that the magni-
tude of the total cross force will vary with . This effect is only due to
the variation of the normal force with , and is correctly accounted for in
the body-fixed equations of motion, due to the fact that Fyc CN( .) cos g
and Fz  =CN ( &. ) sin . Thus, in reducing wind tunnel force measure-
ments to determine the effect of I -when configurational asy)':netries are
present, the trim force coefficients Cy o and Czo must be subtracted first.

Similar arguments apply to the aerodynamic moment coefficients.

Additional Aeroballistic Coefficients for Flow Asymmetry
The aerodynamic forces on a pure axi-symmetric body (i. e., body of revo-
lution) with zero spin, are not always symmetric with respect to the angle
of attack plane as postulated in the basic aeroballistic formulation. In
particular, it has been noted that long pointed-nose bodies tend to have an
asymmetric vortex-wake structure at large angles of attack for a range of
Reynolds numbers and Mach numbers. Once established, the asymmetrical
wake becomes reasonably stable, such that the resulting forces and moments
can be considered steady. To include the above effects in the aerodynamic
model, the following coefficients and functional relationships are added to
the aeroballistic system employed with the body-fixed axes:

CSF 3 ( , M)

CSM3 (Zo, M)

It will be noted that these coefficients have the same vector
orientation as the magnus force and moment.

Effect of Lateral Displacement of Center of Gravity from the
Longitudinal Reference Axis Additional aerodynamic moment terms are
introduced into the equations of motion if the center of gravity is laterally
displaced. from the longitudinal reference axis.

These moments are:

Ac E z( ay/d)

AC n  = Cx  W M) (,y/d)

Only a c. g. offset along the y body-fixed axis will be con-
sidered, because all other body-fixed forces and moments are introduced
with complete generality. Also, the c. g. offset conforms to the xy plane,
which is assumed to be a plane of mirror symmetry.

19
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G. SUMMARY OF AERODYNAMIC FORCES AND MOMENTS

Table III summarizes the aerodynamic forces and moments,
in scalar form, for each degree of freedom. Those terms which are added
for the body-fixed axes option are enclosed by dashed lines.

H. ATMOSPHERIC MODEL AND WIND SIMULATION

Atmospheric Model Air density, p , and velocity of sound,
a , are approximated for standard day conditions by the relations:

0.0023769 [1 + 6.875 x 10 (Z)] (-Z)< 36,000 ft.

4, 806 x 10' 5 (Z)

= 0.0040 e (-Z)> 36,000 ft.

a = 968.46 - 0.0041Z3(:Z) (-Z) < 36, 000 ft.

a = 968.46 (-Z) > 36, 000 ft.

I. ATMOSPHERIC WIND SIMULATION

Atmospheric wind simulation is accomplished by introducing
wind vectors Xw , Yw , as a function of altitude ( -Z). The aerodynamic
velocity components of the body with respect to the moving air mass are

(X Xw) (Y-Yw), Z

and the corresponding aerodynamic velocity components along the body-axes
are designated uA , vA , wA . In the presence of wind, the aerodynamic
forces and moments are redefined so as to be functions of

V 2 + V2 +W2
A -q

[ = C--1 AI0

M VA
M a

Af

20
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where

_Aj

JT2 .~W4 2

The above relations are of the same algebraic form as in the
case of zero wind.

The transfnrmation from the inertial wind aerodynamic
velocities to the body-axes aerodynamic velocities is given by

'AA. A 20A XoAa) 20,13 -A,Ak2) X- X.

=tr Z(x,)L2-. ) A- ,-~ A3 (Z2A3 2AA) i-v .

1 2,a(, A+,2  Z-~X-AX X--±zwj

J. QUATERNION NORMALIZATION AND QUATERNION ERROR

The separate integration of each quaternion element, X.
leads to the possibility of small errors, such that A + X1 + X) .

To insure normalization ( x " + X k - A3 - ) , the following
correction is made to each quaternion element after integration:

The above correction scheme is derived from the transforma-

tion relationships between the quaternions and the three Euler angles, which
uniquely describe the moving-axis-system orientation. The method results
in an exact normalized quaternion. However, in the case of the fixed-plane
axes, tfie additional identity, X.ok, + X2 A - 0 , which applies for this case,
may not be satisfied. Consequently, the body-fixed axes should be used in
preference to the fixed-plane axes whenever the rotational rates and frequen-
cies permit.
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The quaternion error. C , is defined as the vector sum of
the errors of the normalized quaternion elements after successive predict-
correct or correct and re-correct integration operations: i.e.,

2

JZ[~~x AVE (.)

where

(X)s v = normalized value of Aj after prediction (or correction)

normalized value of X after correction (or re-correction)

K. INTEGRATION

Since the differential equations are quite complicated and
lengthy, a refined integration scheme is employed. The basic system
utilizes MilneAs four-point method of prediction and Simpson's rule for
correction. The Runge-Kutta method of third order accuracy is used to
calculate the second through fourth ordinates needed to start Milne's method.
These are described in detail in the flow charts, Section IV.

Options are also provided for the Adams and trapezoidal
integration schemes, using four and three ordinates, respectively.

As a further means of reducing integration error, an addi-
tional option is provided for up to n corrections and re-corrections,
depending upon the magnitude of the quaternion error, E , as defined in
the previous section. If 6 > fzwax , additional corrections and re-
corrections will be made until the number of corrections (NCOR) equals
the specified maximum number of corrections (NCMAX).

The accumulative integration error for selected variables is
provided in the optional program output, based on the errors computed in
the last correction or re-correction.

L. OPTIONAL APPROXIMATE EQUATIONS OF MOTION FOR
USE WHEN THE NUTATION IS DAMPED

Approximate equations of motion, with 4 = r = 0, may be
selected at a particular time, if the fixed-plane axes option is exercised.
In effect, this operation eliminates the high frequency oscillatory motion
about the lateral axes, which is usually associated with the nutational mode.
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The angular velocities q and r are determined by solution of the differ-
ential equations which result with = = 0. These modified equations

are:

IX P/ X -2t '

4- ( AX3 -X=,t" A.32 ;k2 A

N-r

The minus sign i.s selected for the radical, corresponding to the slow pre-
cessional mode. The positive root represents a flat spin mode with large
angular rates and is of little interest.

The optional equations of motion for q = r = 0 are initiated
at a time when the nutational oscillations are known to be damped to an
amplitude of a few degrees. The resulting motion predictions are valid to
the extent that the nutational motion can be neglected. The approximations
are invalid if the high frequency motion is undampled.

Because the angular rates will usually be small with
q r = 0, a larger integration interval can be utilized, and an option for

this new time interval is included in the program input.

M. AUXILIARY FUNCTIONS

For purposes of program output, the Euler angle rates are

specified, although these quantities do not enter into the equations of motion.
The following relationships are utilized for computing the Euler angle time

de rivative s:

~ + ,2) q A,, r
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Description of Labeled Common-:Names

-' Name DescriptionReeee
Section - Page

(BTOF) Arguments of SETMAX

XMAT(3, 3) Rotational Matrix I4

(MPGIN> Input Related Only to Main Program

I XDOT(3) * ., Ii 31i1

P p Ht 31

IQ q 11 31
R r II 3iI

TZALT Z HI 31
PHI II 31

PSI 31

TNEWp At2  II 32-

FINCPTl Print cycleafte q'- r =0 U1 32Z

J" 32-



Description~of -LabeledzCommon Names (Continued)

*Name Description Reference
Section - Page

(ALLIN Input Related to-Both Main Program and
WK -Equations of Motion

DIX III 30
DI IorLII 3

DIZ I 30

DIXY i0
AWBODFI T/F Flag False if Fixed Plane II30

<EQMPG> Main- Program Constants Needed In
Equations of- Motion

QR TIF Flag - if false, use simplified
equations for q and r

RAT IXlIy 9
BOD3X xIXI, 8
-BODJY 1,y/Iy 1 8

RBODJZ_ IY/IZ 8
BODEN 1 8/X~
BODS OIx +Iy Iz) Ixy/(IxIy) 8-

P-3, -BODPD
+ I l - IZ) /(Ix Y)I 8

BODQD 
-IX IX( 1 x - IzAX y 8

BODRD Ox, - IY)/IZ 8
NET-1 radians I21

HOZETZ radians I21
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Description-of Label~d Common-Name ;(Continued)-

Reference -Namne Description Section -Page

( EQMINt> Input Related Only to Equations of Motion

LMAX Z20 HI 29T JMAX 5 I29
KMAX 5 U29

f LMAX '410 
2

TABA (20) (a. I 35TABMt (5) (M I 35
TABAR (5) (pd/2A) 

35
TAIBZ (10) (z)U 

41CX 205) Cxc 
36

CN:-(205) CN 
36

C M ~ ( 0 . 5 -

0  
I I3 6

CMQ (20, 5) Cp I 3
CNR (20,--5) Cnr 

3-7
CMPR (20,5) Cmp Pr3

C N P Q( o,-s ~ U38

CL(055 C1  -39
CLP (20f 5, 5) cjf 

4CMPA-(20,59,5) C U40
CYO (20,5) -C 

4
CZO (20,5) ii 42

CMO (20,R 5) Cm I 43CNO (20, 5) C-nU 
43

CSFI (20, 5) CSF 1  HI 44
CN1 (20,5) C 1 U 4
CSF3 (20, 5)- Cp 3 U 4CSF3 H 4
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Deitin of Labeled Commuon Names (Continued)
Reference

Namne Description Section - Page

EQMIN' (continued)

CSM 1 (20, 5) CSM1  11 45

CM1 (20,5) M1Ij 45
CSM3 (20, 5) CSM 3  11 45

CLPH1 (20,5S) Cf 1 1 1 46

CLPH2 (20, 5) C11 2  U 46

WDX (10) *W 41
_WDY (10) 11 41

G g HI 30
WDMM m I 30

S S HI 31
DEE d HI 31

DY 11 32
ETAl 11 32

ETA.2 UI 32

(OUJTIk> Input Related Only to Output

HEADER (11.) II 30

I RUN UI 30

IDATE 11 30

KA6 II 30

LIB5
17777 -___ _55



Descri ption_ of Labeled -Comnmon Names. (Continued)_

Reference
SName Description Section- - Page

<TBL> Arguments for TBLl1 TBLZ, TBL3
found from -GE TLIN

Ni n1 index. such that,

NZn2 Lr nnorno~

N3 n

Pratio ofXTf)
P1 r XT (n)-XT(n -1)

P3 fo n =nj or n2 or n

-(OUTEM)- Equations of -Motiow-Generated Data- for output

CAPHI2 41~'% :~)11
4CAPHIZ 1 16-

PDV pd/2V '1 10
ALPHA Of -10

ICAPVA VA 1 201

EM Mach Number 1 101

PEE p or(-r tan)I 71-25
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Hierachy-of-Prog rais --and -the ii? -Labeled -C-ommon

Key LProgram Namiesl (Arguments) <Labeled Common>
Names

REPRT-(MIEOF)l

(MPGfN, ALLEN, EQMINP OU TIN>

RUNGE (D, F, DT, G)

<BTOF, MPGIN, <BTFALINM, E9QMpa>

~TOFLUNEMPGGETLIN (X, XTAB,

WRIbTIT (TALIMjEIY,,ZEPILI

- BOO0NOTTM

57XN.P
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Simple-Flow Chart f. LOGIC for. Single Runi

Se [ tip 1st
3 time pts.

LUNEk-KU TTA

Predic

_P Icif notI b~top 1
I-Correc 6-l

if I
if -notgo:

ump-~ tiei chneq

r-i

- stop j -

-1 1



Flow Chart of Main Program

fReport Tape 5 Data
-~and Write on Unit 4

( ~ ~ ~ ~ ~ i _______________________________

Read in Data (including I Set up additional
p, q.r, Z.X, YZ, Z, 0 ,v if Coefficients for Body
INITIALIZE Controls, Coefficients Body Axes Calculations;

tMove p,qr. 0 0, ZALT to D-.. BDo- Axes CalculateXf(,0
Calculate 'f 0 tBD1 130

_____ ift9UVtBi-.Jj toBD 1xBD 1

Plane Axes

Set the--Rotational-Matrix of X
Ge u, .v, w I :'(marix, X, Y* Z)
to-BDi-.BD 3

'Set Errors-to--zer6-
Set, lat. boc= NST(Prediction Technique).

(559
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Mai Prozrarn (continued)

(100)
Calculate Equations ofMotion if -Z > Z_ Op or t tmax

Iif continue if continue

Print Output Print OutputfonwruVftm~o hnet

ifif 4no (iSe.: tl-go r' 1F3alse ~ ~ ,Ntr

vale fr nw :2~iNsart toclar st 50 4)w-D i start

if NST~4 4NST=4: 2
orcuat nd Adfamso MimacaeEqaih ofMI

for_
timue tor etime E.,Nsat erro cla 1t-or cto

-rrD-i F- )itrto
20 o

FNST S + I predct60

f S <4 NS 44~o Trpzi and Adri of--______ ___

Caclt ug-ut au
-fr



Prediction

200

Caclt qain orapeoidn 5 i3 +2 a i

ifi Adm Save5 DX(4) + 2 F(4))6-FD3)+ (4)(

1,13ave -

101rn0frrpr
(25 ),f1, F.(.) . and ne t (

n NCOR CA

NE,
614 D75
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7F-low -Chairt of READIN

AEAEN jjj 1st time in

other than

1st time in

l~ain KD(I) MEOFITonEO

jMEOF =0 >EOF 0

Redin 'Output'ControlsS

and Axes -System Controls

-Option Read Tables and if Cqnrl
Integration Controls in PrntErorMesae

I ~jif Controls OK

O0ption Read in Required
Dot KRD (2)-* KRD (19)

I if Wind if no~t
Atrelocit~ is

1 ~ Required

[Red nWid Vel. Tables

and TablesJ

62
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Flow Chart of RUNGE

M.
LRUNGE (D, F, A t,G)

-CALL EQMOT (G, F3

RM

RETURN 2-F~ T)

CAL QMT G.

Tr63

ifj-



Flow Chart of EQMOT

EQMOT (Y. Z) = Z

.1U U

FOr2ize YY(o) V V

w w

Set the RoainlMatrix q 4

of Yv).l3r

_ _ y

z
t)to

and Y1 -- 3,(u, V, 0)A

-ii

nfunction-of the inverted Y1 -u'Y3 (,vw)-
matr x -And' Z 7 , Z 9

G ~ Gt A-et aerodynamic portion +Z (,4. ,

of VA>OT

I Z

kI 
-Z L, M, N- -f

I 64-



A= [qsin -rcos ()

B [qcos~ + rsin ] (*

CmADD =CM( M) + L-----------------------.,- M

+ B Cmpr(. M).v

CM ADD CM( M, 2- 2 + B-innr(~M+~C &)p v vPq zv

+ CSM ( M)l

M = CON-d*{ i~(,' + CM ADD sinS + CM ADD cosj
0----- p

.- IRE

N =CONiid*{ IC ic.M)! CMADD.cosi + CM ADD~sin1

-- -

A A

' CK 
65
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EQMOT Equations in MoreDti o ,,F)~ ,M

denotes body-fixed axes option Only

1:~ CO -p vS

Fx CON* Cx(& M)

tCNVADD.t CNp -VV

I + CSF~I ((X, M) s i [Alj] + CSF'3  M)

- -- - -- -- -- -

F= CON* jc M) - 1N(AD I) + ICNI(& A Wsinytl1[ ujO

AD sin

3L s1 in~

L=zCON:{9oMEi) +C cj~ + & i

-4L

AD o

------------------------- -

M,~ pd+pdC

CO *C X 2 v pz
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Flow Chaift of 'WRITIT

LWRITIT (TIME, Y, E, Z, -EPSIL,, LINE)1

if line -if line
'_ 56 > 56

Write- Header 1_ if Tape 26 Write. Header
Tape 6'Line 0 Tp 6

t-fCalcula&te V.- ( P(dg

Write t,v, X, YZXY,,j z$ 2 Vm

Tape_6 u, v, wt _p.s qv r,. ,/E

Calculate (

Write
pd

MRTape 26 Lof errors, Ap, Aq, Ar, A

L -67



Flow Chart of SE.TMAX

SET*MAX (Xi-L)I

Given XIj --wXL 4 (X A)

ii X~MAT (1, 1) A,+ K\
XMAT(2, 2) X2 +
XMAT (3, 3) = ) A'AI XMAT~~~(1, ) = 2(''

XMAT (1, 3) =2.( ) 3 +
XMAT (3, 1)~ 2( .g

XMAT (2, 3) 2 1 . ,
XMAT -(3, Z) 2(

IL

RTURN

It 68



Fiow Chart-of NORMAL

Given XL1 -- XL 4 ( %

SAVESAV1

0,3
-TR

rH

4-69



FI~ow Chaxrt of GETLIN

GETLIN (Xi XTAB, NMAX, N, P

Reverse signo R if negative" ARG -first table Argument
Iand firsttable Argument is 2:0

-ARG first-table segmenit (XTAB,(1))-

XTB( G < XTAB(N) 1)G ;XABN

- Note: N &P are used- such that * F
Y (1- P).YN + PYN 1 in TBL 1, Z and 3

*i. e;, to handle negative altitude and negative p wvhere-onily + aigm ents -

are in table.[

*'-L.e., saves interpolation.

70



Flow -Chart of TBL 1, TI3L 2, TI3L 3

9KGiven TAB (1). Ni and Pi if P1=0

T BL 1 =I (- P)TAB (NI)+PI.-TAB (NI -1) TBL 1= TAB (NI)

TBL 2(TAB)

Given TAB(IF 3, ) if~Pz 0-
J4 1i, NZ,~ andP P2,P

TBL 3 TBL I (TAB (I,N))

-~ ~ =**- P)-TBL I~ (iTP3)-1P2)((1 ))A (N, 2,N3) I (TAB (N-iN1,N3

4lP3(iBP). 3-.(TABA

(N1,N2,N3 +B P1 (TAB (1 J, N2N-)

+ P2{([-P)TAB (N, N2)i +3'1 +ITA P-TAB (,N),NZI 3-

ti -1Pl -TAB



Compact input Sheet

No. of
N Columns,

-1 3511 KRD(I) 1- 1, 35 , 35
0 13, 2XIIA6, I Run, HEADER, KA6, BODFIX, Lead Card 1 78

iXII, L1, 14 IDATE
1 61Z, F12. 5 IMAX, JMAX, KMAX, LMAX, Subscript-Card 24

NRK, NCMAX, EPSMAX
2 "F 12.5 TABA(I) 12-72
3 TABM(J)
4 °TABAR(K)
5 CX (1, J) J then I
6 CN (1, J) J then I
7 CM (, J) J then I
8 CMQ (1, J) J then I
9 CNR (1, J) J then I

10 CMPR (I, J) J then -1
11 CMPQ (I, J) J then -I
I1 CNPA (I, J,) K then J then I
13 CL (I, J, K) K then J then i
14°  -CLP (1; J, K) K then 3 then I
15 CMPA (I, J, K) K-then J then I
16 G, .DMM, DIX, :DI, DIZ, DIXY Lead.Card.2 72
17. S,-DEE, THETA, PSI , Z, PHI -Lead&Car d 3- 72
18 XDOT, YDOT, ZDOT,-P, Q, R -Lead Card 4 72
19 F12.5, 4XI8, TSTEP, INCP.T, TMAX,.ZSTOP, ' Lead Card-5"  76

4F12.5, 14 TeH, TNEW, INCPT2
20 6F 1Z.5 TABZ(L), 12-472

WDX(L) 12-72
WDY(L) IZ-72

21 6FIZ.5 DY,.ZETD1, ZETD2. LeadCad-6- -60
ETAl, ETA2

22 -j CYO (1, J) 3 then I 12-7Z
23. " ZO .(1, J) 3 then I
24 Body CMO (1, J) J- then I
25 Axis CNO (I, J) J then I
26 Only C SF (I, J) J then I
27 CN (i, J) -then I
28 CSF3 (I, J) J then I
29 CSMI (I,.J) J then I
30 CM1 (1, 3) J theni I
31 CSM3 (1, J) J then I
32 CLPM1 ( J) J then I
33 CLPM2 (I, J) J then 1

N is a code for card type (helpful to pu nch ih columns 79-80) "
N > 0 all optional c. adtded runs (KRD(N)- 0' no, KRD(N) T1 read)
N = 20 also optional on-any run (LMAX r 0- no, LMAX > 0 read)

N-= 0 required for each run.
N = - 1 required for each additional run.

-I Cards 0 -'19 required for FIXED PLANE 1st run; 20 if LMAX > 0.

Cards 0- 19, 21-33 required for BODY FIXED 1st run; 20 if LMAX > 0.
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SECTION V

PROGRAM LISTING
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SECTION VI

COMMENTS AND SPECIAL INSTRUCTIONS

A. MAGNUS ROTOR TRAJECTORY AND MOTION SIMULATION

In most instances, magnus rotor trajectories will be computed
with fixed-plane axes. Where complete trajectory data are to be obtained

rw (launch to impact) for flight times of several seconds or more, it will often
be convenient to use the q = r 0 option after about the first second of

Rflight* (or after a time where the nutation is damped to a few degrees am-
plitude). For the investigation of autorotation initiation and the effects of
dynamic unbalance, the body-fixed axes may be used.

For initiating magnus rotor trajectories, it is convenient to

Puse the initial horizontal velocity component along the ( -Y) axis, such that

the Euler angles, 9 and 'p' , will approach zero if the rotor is in gliding

flight attitude, -r/2 In this manner, positive spin rates, correspond-
ing to positive values of the spin torque coefficient CA( , M, pd ), will
result in an upward magnus lift force.

Special care must be used in selecting the initial conditions.
Letting the initial flight path angle, Y , be specified by

F--- 0

-Y=Vcos r)

7 = V sin r

4L then the initial Euler angles, 9 and r for the fixed-plane axes, are
related to the initial sideslip angle, ,0 , and the orientation of the angle of
attack plane, , bythe following relations (see also Figure 6).

sin(- S ) = cos,8 sinf cos r + sin4 sin) 2)

4 f -cos,4 sini sin 1" + sinG cosY 3)
n cos4e cos

where- for 4P < i

and I< < :for

Note: if the q = r = 0 option is not used with fixed plane axes, then
TCH > TSTOP for input lead card 5.
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* If an initial coning motion is desired, such that the total
Wangular momentum does not coincide with x axis. then the cohh-g anglc

can,- be specified by, )L , and the equivalent cross-angular velocity deter-
mined by

Kquv. Cod.. 4.

The angular velocity components with respect to the lateral
fixed-plane axes are given in terms of 1 1 eq. by the relationships

eq. cos( -X)[cos sin (-') + sin# sin cos (-*)] 5)

-sin (,a-A) cos Ycos (-J)

r - .cos(U- )) [-cos~ cos(-l') sin(-0 ) 6)

Elki + sin Psin I sin (-1k) sin (- 4) + sin# cos Y cos (-)

+ sin ()8 -A) [-cos Y sin (-V) sin (-) + sinl cos(-e)]

CroWhen random values of 01 and ie are to be used for Monte
Carlo simulation of impact patterns, relations 2) and 3) will be used exten-
sively. In simulation of impact patterns, symmetry considerations can
also be employed such that only the left or right hand side of the pattern
need be determined. The symmetry considerations are applied to the
initial conditions by restricting the angle of attack to 0 < - Q X

B. BODY-FIXED AXES

Ballistic trajectories of slowly-spinning rockets, missiles,
bombs, and projectiles will usually be computed using the body-fixed axes
option. For ballistic-type trajectories it will be convenient to select the
horizontal component of the initial velocity in the direction. of the positive
X axis, in order that first quadrant values can be used for the Euler angles,
& and V'.

Supplementary calculations will be required to determine the
initial Euler angles if only the velocity vector and the angle of attack param-
eters, & and J, are known or specified. The procedure involves finding
the values of 9 and V which satisfy the matrix equation
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u Co. CW C 51k -9So X

v [cVt -549.e-C4.s5V 3qS s Si+CO .CY 5.4P C

w ! C V . O'.c S + 5 0s.S cC.0 .s .s r- .sq1 c P cq ,c 9 z

subject to the constraints

-- -1 /.4 Urt

o. = tan

= tan-1

I7 = CONSTANT

For special cases, closed form solutions exist, i.e., lor Y =0

tan 9= O-

cos 'Y =

More general velocity vector orientations with £p, 0 require complicated
numerical solutions. Obviously, these problems do not exist if the Euler
angles can be selected apriori. However, for multiple simulations, involv-
ing a fixed velocity vector, the above procedure will normally be required.
A nearly general solution for 9 , T , subject only to Y 0, i. e.,
tan = ./X, is given by the relations

sinO -sin J +cos a [cost cosanr],icos0t

in L tanv I Lsin Ji sin %p, tan -cos
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C. INTEGRATION INTERVAL

For magnus rotor motion simulations, it will generally be
advisable to select an integration time interval (TSTEP) such that about 100
integrations are performed for each cyclic period. For fixed-plane axes,
the highest frequency will be the nutation frequency, while for body-fixed
axes the highest frequency will correspond to the spin rate. Since the nuta-
tion frequency is approximately p Ix/I, a large saving in computing time

9t can be achieved using the fixed-plane axes if Ix/I <C 1 .

When it is anticipated that only a short segment of a motion
history will involve high frequencies, localized integration improvement can
be achieved by using the re-correc on option. A quaternion error param-

W eter EPSMAX of about 1. 0 x 10- would then be used in conjunction with
a value of NCMAX of 3 or 4.

ff

I

r
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